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Abstract
Supersymmetric t-J Gaudin models with both periodic and open boundary
conditions are constructed and diagonalized by means of the algebraic Bethe
ansatz method. Off-shell Bethe ansatz equations of the Gaudin systems are de-
rived, and used to construct and solve the KZ equations associated with sl(2|1)(1)
superalgebra.
I introduction
In the study of one dimensional long-range interacting systems, Gaudin type models
[1] ocupied an important place, due to their role in establishing the integrability of
the Seiberg-Witten theory [2, 3] and diagonalizing the BCS hamiltonian of ultrasmall
metallic grains [4, 5, 6]. They also served as a testing ground for ideas such as the
functional Bethe ansatz and general procedure of separation of variables [7, 8, 9].
The t-J model was proposed in an attempt to understand high-Tc superconductivity
[10]. It is a correlated electron system with nearest-neighbor hopping (t) and anti-
ferromagnetic exchange (J) of electrons. Using the nested algebraic Bethe ansatz
method, Essler and Korepin obtained the eigenvalues of the periodic system [11]. Soon
after the open boundary case was studied in [12, 13].
In [14], the periodic t-J Gaudin model was investigated and its eigenvalues were
obtained. In this paper, we study both the periodic and open boundary t-J Gaudin
models by a method different from that used in [14].
The Knizhnik-Zamolodchikov (KZ) equations were first proposed as a set of differ-
ential equations satisfied by correlation functions of the Wess-Zumino-Witten models
[15]. The connection between Gaudin type magnets and the KZ equations has been
studied by many authors [16, 17, 18, 19, 20]. We are interested in the super KZ equa-
tions associated with sl(2|1)(1) superalgebra. We will construct and solve these KZ
equations with the help of the t-J Gaudin models.
The outline of this paper is as follows: In the first part of this paper (section 2-
4), we study the periodic t-J Gaudin model and its corresponding KZ equation. The
t-J model hamiltonian is constructed in section 2, and diagonalized in section 3, by
using the algebraic Bethe ansatz method. We also derive its off-shelled Bethe ansatz
equations, and use them, in section 4, to construct solution to the corresponding KZ
equation. The second part of this paper is devoted to dealing with the open boundary
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t-J Gaudin model. In sections 5 and 6, we construct and diagonalize the open boundary
t-J Gaudin model. In section 7, we obtain solution to the KZ equation associated with
the boundary Gaudin model.
II Periodic t-J Gaudin model
II.1 t-J model with periodic boundary condition
The supersymmetric t-J model is described by the R-matrix arising from the 3-dimensional
representation of sl(2|1)(1). In the Fermionic, Fermionic and Bosonic (FFB) grading of
the representation space, the R-matrix is given by [21]
R(λ) =


a(λ) 0 0 0 0 0 0 0 0
0 b(λ) 0 −c−(λ) 0 0 0 0 0
0 0 b(λ) 0 0 0 c−(λ) 0 0
0 −c+(λ) 0 b(λ) 0 0 0 0 0
0 0 0 0 a(λ) 0 0 0 0
0 0 0 0 0 b(λ) 0 c−(λ) 0
0 0 c+(λ) 0 0 0 b(λ) 0 0
0 0 0 0 0 c+(λ) 0 b(λ) 0
0 0 0 0 0 0 0 0 w(λ)


,
(II.1)
where η is a crossing parameter and
a(λ) = 1, b(λ) =
sinh(λ)
sinh(λ− η)
, w(λ) =
sinh(λ+ η)
sinh(λ− η)
,
c+(λ) =
eλ sinh(η)
sinh(λ− η)
, c−(λ) =
e−λ sinh(η)
sinh(λ− η)
, (II.2)
This R-matrix satisfies the graded Yang-Baxter equation (YBE)
R(λ−µ)b1b2a1a2R(λ)
c1b3
b1a3
R(µ)c2c3b2b3(−)
(ǫb1+ǫc1)ǫb2 = R(µ)b2b3a2a3R(λ)
b1c3
a1b3
R(λ−µ)c1c2b1b2(−)
(ǫa1+ǫb1)ǫb2 ,
(II.3)
where ǫa is the Grassman parity: ǫa = 0 for bosons and ǫa = 1 for fermions. The
R-matrix satisfies the unitarity and cross-unitarity relations,
R12(λ)R21(−λ) = ρ(λ) · id, ρ(λ) = − sinh(λ+ η) sinh(λ− η),
Rst112 (λ− η)M1R
str1
21 M
−1
1 = ρ˜(λ) · id, ρ˜(λ) = sinh(λ) sinh(λ− η), (II.4)
where M is a diagonal matrix diag(e2η, 1, 1) and st is the super-transposition defined
by
(Ast)ij = Aji(−1)
(ǫi+1)ǫj . (II.5)
Consider the L-operator
Laq(λ) ≡ Raq(λ), (II.6)
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where a represents the auxiliary space and q represents the quantum space. The L-
operator also obeys the (graded) YBE
R12(λ− µ)L1(λ)L2(µ) = L2(µ)L1(λ)R12(λ− µ). (II.7)
The tensor product is graded, namely,
(F ⊗G)bdac = F
b
aG
d
c(−)
(ǫa+ǫb)ǫc . (II.8)
The row-to-row monodromy matrix TN(λ) is defined as the product of N operators,
Ta(λ) = La1(λ− z1)La2(λ− z2) · · ·LaN (λ− zN ), (II.9)
In matrix form,
{[T (λ)]ab}α1···αNβ1···βN = L1(λ− z1)
c1β1
aα1 L2(λ− z2)
c2β2
c1α2 · · ·LN (λ− zN )
bβN
cN−1αN
(−1)
∑N−1
j=1
(ǫαj+ǫβj )
∑N
i=j+1
ǫαi
(II.10)
By repeatedly using the YBE, one can easily check that the monodromy matrix satisfies
R(λ− µ)T1(λ)T2(µ) = T2(µ)T1(λ)R(λ− µ). (II.11)
The transfer matrix t(λ) is defined as the supertrace of the monodromy matrix over
the auxiliary space:
t(λ) = strT (λ) =
∑
(−1)ǫaT (λ)aa. (II.12)
Using the YBE, one can show that the transfer matrix t(λ) constitutes a one-parameter
commuting family, i.e.
[t(λ), t(µ)] = 0. (II.13)
Therefore, the t-J model is integrable.
II.2 Supersymmetric t-J Gaudin model
Supersymmetric t-J Gaudin model can be obtained by taking the quasi-classical limit
η → 0 of the transfer matrix at the point λ = zj [22]. So we expand the R-matrix,
L-operator and transfer matrix around the point η = 0 to get
R(λ) = 1 + ηRˆ(λ) +O(η2), (II.14)
L(λ) = 1 + ηL(λ) +O(η2), (II.15)
t(zj) = −1 + ηtˆ(zj) +O(η
2). (II.16)
Then the Hamiltonian of periodic t-J Gaudin model can be obtained from the second
term of (II.16).
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From (II.14), we have
Rˆij(λ) = 2 coth(λ)e
i
33
s
⊗ ej33 + coth(λ)
[
ei11
s
⊗ ej22 + e
i
11
s
⊗ ej33
+ei22
s
⊗ ej11 + e
i
33
s
⊗ ej11 + e
i
33
s
⊗ ej22
]
+ e−λ
1
sinh(λ)
[
ei13
s
⊗ ej31 + e
i
23
s
⊗ ej32 − e
i
12
s
⊗ ej21
]
+ eλ
1
sinh(λ)
[
ei31
s
⊗ ej13 + e
i
32
s
⊗ ej23 − e
i
21
s
⊗ ej12
]
, (II.17)
where ekij is a matrix acting on the k-th space with elements (eij)αβ = δiαδjβ. Denote
by S, S†, Sz, Q±1, Q
†
±1 and T
z the generators of sl(2|1), which satisfy, among others,
[S†, S] = Sz, {Q†1, Q1} = T
z, {Q†−1, Q−1} = S
z + T z. (II.18)
In the fundamental representation, they take the form,
Sz =

 1 0 00 −1 0
0 0 0

 , T z =

 0 0 00 1 0
0 0 1

 ,
S = e21, S
† = e12, Q1 = e32,
Q†1 = e23, Q−1 = e31, Q
†
−1 = e13. (II.19)
Thus,
Rˆij(λ) = 2 coth(λ)
[
(1− (Szi )
2)(1− (Szj )
2)
]
+ coth(λ)
[
(1− T zi )(2− T
z
j − S
z
j − (S
z
j )
2) + (2− T zi − S
z
i − (S
z
i )
2)(1− T zj )
+(1− T zi − S
z
i )(1− (S
z
j )
2) + (1− (Szi )
2)(1− T zj − S
z
j )
]
+
e−λ
sinh(λ)

−S†i Sj + ∑
σ=↑,↓
Q†i,σQi,σ

+ eλ
sinh(λ)

−SiS†j + ∑
σ=↑,↓
Qi,σQ
†
i,σ


(II.20)
Using the standard fermionic representation [11]
Sj = c
†
j,1cj,−1, S
†
j = c
†
j,−1cj,1, S
z
j = nj,−1 − nj,1,
T zj = 1− nj,−1, Q
†
j,σ = c
†
j,σ(1− nj,−σ), Qj,σ = cj,σ(1− nj,−σ), (II.21)
where nj,± = c
†
j,±cj,± and nj,+ + nj,− = nj, we have
Rˆij(λ) = 2 coth(λ)
[
(1− (ni,↓ − ni,↑)
2)(1− (nj,↓ − nj,↑)
2)
]
+ coth(λ)
[
ni,↓(1 + nj,↑ − (nj,↓ − nj,↑)
2) + (1 + ni,↑ − (ni,↓ − ni,↑)
2)nj,↓
+ni,↑(1− (ni,↓ − ni,↑)
2) + (1− (ni,↓ − ni,↑)
2)nj,↑
]
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+
e−λ
sinh(λ)

−c†i,↓ci,↑c†j,↑cj,↓ + ∑
σ=↑,↓
c†i,σ(1− ni,−σ)cj,σ(1− nj,−σ)


+
eλ
sinh(λ)

−c†i,↑ci,↓c†j,↓cj,↑ + ∑
σ=↑,↓
ci,σ(1− ni,−σ)c
†
j,σ(1− nj,−σ)

 . (II.22)
Similarly, from the eq.(II.15), we obtain the elements of the Lax matrix,
Lj11 = coth(λ)− coth(λ)nj,−1, L
j
22 = coth(λ)− coth(λ)nj,1,
Lj33 = coth(λ) + coth(λ)
[
1− (nj,−1 − nj,1)
2
]
,
Lj12 = −
e−λ
sinh(λ)
c+j,1cj,−1 L
j
21 = −
eλ
sinh(λ)
c+j,−1cj,1,
Lj13 =
e−λ
sinh(λ)
cj,−1(1− nj,1) L
j
31 =
eλ
sinh(λ)
c+j,−1(1− nj,1),
Lj23 =
e−λ
sinh(λ)
cj,1(1− nj,−1) L
j
32 =
eλ
sinh(λ)
c+j,−1(1− nj,1), (II.23)
Finally, the Hamiltonian of the t-J Gaudin model can be written as
Hj =
dt(λ = zj)
dη
|η=0.
=
N∑
k=16=j
1
sinh(zj − zk)
{cosh(zj − zk)[−nj,−1nk,−1 − nj,1nk,1 + (1− nj)(1− nk)]
+ e−(zj−zk)

 ∑
σ=±1
c†j,σ(1− nj,−σ)ck,σ(1− nk,−σ)− S
†
jSk


+ ezj−zk

 ∑
σ=±1
cj,σ(1− nj,−σ)c
†
k,σ(1− nk,−σ)− SjS
†
k



 . (II.24)
III Bethe ansatz for the t-J Gaudin model
Hamiltonian (II.24) can be diagonalized by using the algebraic Bethe ansatz method.
To simplify calculation, we use the gauge transformation
R(λ)→ diag
(
eλ/2, eλ/2, e−λ/2
) s
⊗ 1 ·R(λ) · diag
(
e−λ/2, e−λ/2, eλ/2
) s
⊗ 1 (III.1)
to get
R(λ) =


a(λ) 0 0 0 0 0 0 0 0
0 b(λ) 0 −c−(λ) 0 0 0 0 0
0 0 b(λ) 0 0 0 d(λ) 0 0
0 −c+(λ) 0 b(λ) 0 0 0 0 0
0 0 0 0 a(λ) 0 0 0 0
0 0 0 0 0 b(λ) 0 d(λ) 0
0 0 d(λ) 0 0 0 b(λ) 0 0
0 0 0 0 0 d(λ) 0 b(λ) 0
0 0 0 0 0 0 0 0 w(λ)


, (III.2)
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where d(λ) = sinh(η)/ sinh(λ− η). The corresponding L-matrix can be written as
Ln(λ)
=

 b(λ)− (b(λ)− a(λ))e
n
11 −c−(λ)e
n
21 d(λ)e
n
31
−c+(λ)e
n
12 b(λ)− (b(λ)− a(λ))e
n
22 d(λ)e
n
32
d(λ)en13 d(λ)e
n
23 b(λ)− (b(λ)− w(λ))e
n
33

 .
(III.3)
We expand the row-to-row monodromy matrix (II.9) around η = 0:
T (λ) =


A11(λ) A12(λ) B1(λ)
A21(λ) A22(λ) B2(λ)
C1(λ) C2(λ) D(λ)


= 1 + ηTˆ (λ) +O(η2)
= 1 + η


Aˆ11(λ) Aˆ12(λ) Bˆ1(λ)
Aˆ21(λ) Aˆ22(λ) Bˆ2(λ)
Cˆ1(λ) Cˆ2(λ) Dˆ(λ)

+O(η2). (III.4)
By the graded YBE (II.11), one finds
[Tˆ1(λ), Tˆ2(µ)] = [Tˆ1(λ) + Tˆ2(µ), Rˆ12(λ− µ)], (III.5)
and the commutation relations,
Cˆs1(µ1)Cˆs2(µ2) = −Cˆs2(µ2)Cˆs1(µ1), (III.6)
Dˆ(zj)Cˆs(µ) = − coth(zj − µ)Cˆs(µ)D(zj)|η=0 + Cˆs(µ)Dˆ(zj)
+
1
sinh(µ− zj)
E−j (s)Dˆ(µ)
−
1
sinh(µ− zj)
Cˆs(zj)D(µ)η=0, (III.7)
Aˆs1s2(zj)Cˆp1(µ) = (r
s2p1
MN (zj − µ))
′
η=0 Cˆs(µ)As1m(zj)η=0 + Cˆp1(µ)Aˆs1s2(zj)
+
1
sinh(µ− zj)
E−j (s2)Aˆs1p1(µ)
−
1
sinh(µ− zj)
Cˆs2(zj)As1p1(µ)η=0,
(III.8)
where j indicates the lattice position and E−j (s) acts on the quantum space with
E−j (s) = e13 for s = 1 and E
−
j (s) = e23 for s = 2; the r-matrix r(λ) is defined by
r(λ) =
1
sinh(λ)


sinh(λ− η) 0 0 0
0 sinh(λ) −e−λ sinh(η) 0
0 −eλ sinh(η) sinh(λ) 0
0 0 0 sinh(λ− η)

 (III.9)
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Define the vacuum state:
|0 >n=


0
0
1

 , |0 >= ⊗Nk=1|0 >k . (III.10)
Then,
Bˆa(λ)|0 >= 0, Cˆa(λ)|0 > 6= 0,
Dˆ(λ)|0 >=
N∑
i=1
2 coth(λ− zi)|0 >
Aˆab(λ)|0 >=
{
0 for λ = zj , and a 6= b∑N
i=1 coth(λ− zi) for λ 6= zj , and a = b
. (III.11)
where j = 1, 2, · · · , N.
Define the Bethe state
φ = Cˆd1(µ1)Cˆd2(µ2) · · · Cˆdn(µn)|0 > F
d1···dn , (III.12)
where F d1···dn is a function of the spectral parameters µj. We moreover define state
φ(1) = Cˆ(1)(µ
(1)
1 )Cˆ
(1)(µ
(1)
2 ) · · · Cˆ
(1)(µ(1)m ). (III.13)
Then φ(1) spans a subspace of the space spanned by φ. Applying the transfer matrix
to these states and keeping in mind of the commutation relation (III.7), we can find
the eigenvalues Ej of t(zj) and the Bethe ansatz equations. This is done as follows.
Firstly, from (III.11) we have
Dˆ(zj)φ =

 n∑
α=1
coth(zj − µα)− 2
N∑
k=1, 6=j
coth(zj − zk)

φ
+
n∑
α=1
(−1)α−1
sinh(µα − zj)
[
2
N∑
k=1
coth(µα − zk)
−
n∑
β=1, 6=α
coth(µα − µβ)

E−j (dα)φα
−
n∑
α=1
(−1)α−1
sinh(µα − zj)
Cˆdα(zj)φα,
(III.14)
where φα =
∏n
β=1, 6=α Cˆdβ(µβ). Secondly, the action of Aˆ(zj) on φ is given by
− Aˆaa(zj)φ =
n∑
α=1
(−1)α−1
sinh(µα − zj)
[
−
N∑
k=1
coth(µα − zk) + Λ
(1)(µα)
]
E−j (dα)φα
+
n∑
α=1
(−1)α−1
sinh(µα − zj)
Cˆdα(zj)φα,
(III.15)
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where Λ(1)(µα) is the operator
t(1)(λ) =
d
dη
str
[
ra d1m1n1(λ− µ1)r
m1d2
m2n2(λ− µ2) · · · r
mn−1dM
mn nn (λ− µn)
]
η=0
.
(III.16)
Using results in the appendix, we obtain
Λ(1)(µα) =
n∑
β=1, 6=α
coth(µα − µβ)−
m∑
γ=1
coth(µα − µ
(1)
γ ), (III.17)
where µ
(1)
1 , · · · , µ
(1)
m satisfy the constraints
f (1)γ ≡
n∑
β=1, 6=α
coth(µβ − µ
(1)
γ ) + 2
m∑
δ=1, 6=γ
coth(µ(1)γ − µ
(1)
δ ) = 0.
(III.18)
Thus, from (II.24),(III.14)-(III.15) and (III.17)-(III.18), we obtain the off-shell
Bethe ansatz equations
Hjφ = Ejφ+
M∑
α=1
(−1)α−1
sinh(µα − zj)
fαE
−
j (dα)φα, (III.19)
where µα satisfy the condition f
(1)γ = 0 and
Ej =
n∑
α=1
coth(zj − µα)− 2
N∑
k=1, 6=j
coth(zj − zk) (III.20)
fα = −
m∑
γ=1
coth(µα − µ
(1)
γ ) +
N∑
k=1
coth(µα − zk), (III.21)
φ =
n∏
α=1
(
N∑
k=1
1
sinh(µα − zk)
E−k (dα)
)
|0 > F d1···dn (III.22)
φα =
n∏
β=1, 6=α
(
N∑
k=1
1
sinh(µβ − zk)
E−k (dβ)
)
|0 > F d1···dn . (III.23)
IV Super KZ equation
As a set of partial differential equations, the KZ equations take the form
∇jΨ = 0 for j = 1, 2, · · · , N, (IV.1)
where the differential operator ∇j is defined by the Gaudin Hamiltonian Hj :
∇j = κ
∂
∂zj
−Hj (IV.2)
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with κ being a parameter. Substituting (II.24) into (IV.2), we can check
[∇j,∇k] = 0, (IV.3)
which ensures the integrability of the KZ equation.
To simplify our calculation, we make the following transformation
Hj → Hj + 2
N∑
k=1, 6=j
coth(zj − zk),
Ej → Ej + 2
N∑
k=1, 6=j
coth(zj − zk) =
n∑
α=1
coth(zj − µα).
Under this transformation, the form of the off-shell Bethe ansatz equations is invariant.
The function Ψ(z) can be constructed by the hypergeometric function χ(z, µ) which
oebys the equations
κ
∂
∂zj
χ = Ejχ,
κ
∂
∂µα
χ = fαχ, (IV.4)
and the constraint f (1)γ = 0. The solution to the above equations is given by
χ(z, µ) =
∏
β<α
[sinh(µα − µ
(1)
γ )]
−1/κ
n∏
α=1
N∏
j=1
[sinh(zj − µα)]
1/κ (IV.5)
with µα satisfying the condition f
(1)
γ = 0. With the help of χ(z, µ), the function Ψ(z)
is given by
Ψ(z) =
∮
C
· · ·
∮
C
dµ1 · · · dµnχ(t, z)φ(t, z), (IV.6)
where the integration path C is a closed contour in the Riemann surface such that the
integrand resumes its initial value after tα has described it. Substituting the expressions
of ∇j and Ψ(z) into (IV.1), we can show that the KZ equation is satisfied. The proof
is as follows
κ
∂
∂zj
Ψ(z) =
∮
C
· · ·
∮
C
dµ1 · · · dµn
(
κ
∂χ
∂zj
φ+ κχ
∂φ
∂zj
)
=
∮
C
· · ·
∮
C
dt1 · · · dµn
(
χEjφ+ κχ
∂φ
∂zj
)
=
∮
C
· · ·
∮
C
dµ1 · · · dµn
[
χHjφ− χ
n∑
α=1
W (µα, zj)fαE
−
j (dα)φα
− κχ
∑
α
∂
∂µα
(
W (µα, zj)φαE
−
j (dα)
)]
=
∮
C
· · ·
∮
C
dµ1 · · · dµn [χHjφ
− κ
∑
α
∂
∂µα
(
χW (µα, zj)φαE
−
j (dα)
)]
= HjΨ, (IV.7)
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where W (µα, z) = (−1)
α−1/ sinh(µα − z).
V Open boundary t-J Gaudin model
In this and the next section, we discuss the open boundary t-J Gaudin system. We
start with the graded reflection relation [12],
R(λ− µ)b1b2a1a2K(λ)
c1
b1
R(λ+ µ)c2d1b2c1K(µ)
d2
c2
(−1)(ǫb1+ǫc1)ǫb2
= K(µ)b2a2R(λ+ µ)
b1c2
a1b2
K(λ)c1b1R(λ− µ)
d2d1
c2c1 (−1)
(ǫb1+ǫc1)ǫc2 , (V.1)
where the K(λ) is the reflection K-matrix. The diagonal solutions of the reflection
equation were found in [12]. In the present paper, we only consider a special case in
which K(λ) = 1.
Following the standard procedure, we define the double-row monodromy matrix
T (λ) = T (λ)K(λ)T−1(−λ). (V.2)
Here T (λ) is same as in the periodic case. One can check that the following relation is
satisfied:
R(λ− µ)b1b2a1a2T (λ)
c1
b1
R(λ+ µ)c2d1b2c1T (µ)
d2
c2
(−1)(ǫb1+ǫc1)ǫb2
= T (µ)b2a2R(λ+ µ)
b1c2
a1b2
T (λ)c1b1R(λ− µ)
d2d1
c2c1 (−1)
(ǫb1+ǫc1)ǫc2 . (V.3)
The dual reflection relation reads
R12(µ− λ)K
+
1 (λ)M
−1
1 R21(η − λ− µ)K
+
2 (µ)M
−1
2
= K+2 (µ)M
−1
2 R12(η − λ− µ)K
+
1 (λ)M
−1
1 R21(µ− λ), (V.4)
whereM is a diagonal matrixM = diag(e2η, 1, 1). SolutionK+ associated withK(λ) =
1 is given by
K+(λ) ≡MK(−λ + η/2) = diag(e2η, 1, 1). (V.5)
Define the boundary transfer matrix,
tb(λ) = strK+(λ)T (λ). (V.6)
By (II.4) and (V.3), one can show the commutativity of the transfer matrix for different
λ values.
Similar to the periodic case, the boundary t-J Gaudin system can be obtained by
expanding the boundary transfer matrix at the point λ = zj around η = 0:
tb(λ = zj) = 1 + ηH
b
j +O(η
2). (V.7)
The second term on the right hand side gives the Hamiltonian of the open boundary
t-J Gaudin model. Explicitly,
Hj =
dt(zj)
dη
|η=0
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= 2(1 + 3 coth(2zj))nj
+
N∑
k=16=j
1
sinh(zj − zk)
{cosh(zj − zk)[−nj,−1nk,−1 − nj,1nk,1 + (1− nj)(1− nk)]
+ e−(zj−zk)

 ∑
σ=±1
c†j,σ(1− nj,−σ)ck,σ(1− nk,−σ)− S
†
jSk


+ ezj−zk

 ∑
σ=±1
cj,σ(1− nj,−σ)c
†
k,σ(1− nk,−σ)− SjS
†
k




+
N∑
k=16=j
1
sinh(zj + zk)
{cosh(zj + zk)[[−nj,−1nk,−1 − nj,1nk,1 + (1− nj)(1− nk)]
− e−(zj+zk)

 ∑
σ=±1
cj,σ(1− nj,−σ)c
†
k,σ(1− nk,−σ) + SjS
†
k


− ezj+zk

 ∑
σ=±1
c†j,σ(1− nj,−σ)ck,σ(1− nk,−σ) + S
†
jSk



 . (V.8)
VI Bethe ansatz for boundary t-J Gaudin model
As in the periodic case, we write the double-monodromy matrix as
T (λ) =


A11(λ) A12(λ) B1(λ)
A21(λ) A22(λ) B2(λ)
C1(λ) C2(λ) D(λ)

 . (VI.1)
Around η = 0:
T (λ) = 1 + ηTˆ (λ) +O(η2)
= 1 + η


Aˆ11(λ) Aˆ12(λ) Bˆ1(λ)
Aˆ21(λ) Aˆ22(λ) Bˆ2(λ)
Cˆ1(λ) Cˆ2(λ) Dˆ(λ)

+O(η2). (VI.2)
Applying Tˆ (λ = zj), j = 1, 2, · · · , N, to the vacuum state (III.10), we have
Bˆa(zj)|0 >= 0, Cˆa(zj)|0 > 6= 0
Dˆ(zj)|0 >=
N∑
i=1
2(coth(zj − zi) + coth(zj − zi))|0 > .
Aˆab(λ)|0 >=
{
0 for λ = zj , and a 6= b∑N
i=1(coth(λ+ zi) + coth(λ− zi)) for λ 6= zj , and a = b
.
(VI.3)
The Bethe state of the boundary system can still be taken as
φb = Cˆd1(µ1)Cˆd2(µ2) · · · Cˆdn(µn)|0 > F
d1···dn . (VI.4)
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Write
Aˆ(λ)ab|η=0 =
ˆ˜A(λ)ab|η=0 + δab
1
sinh(2λ)
D(λ)η=0, (VI.5)
where
ˆ˜A(λ)ab|0 >=
N∑
i=1
(coth(λ+ zi) + coth(λ− zi))−
δab
sinh(2λ)
D(λ)η=0. (VI.6)
Then
tˆb(λ = zj) ≡ H
b
j =
d
dη
(
K+T (zj)
)
η=0
= −Aˆaa(zj) + Dˆ(zj)
−
(
k+a
)′
η=0
A(zj)η=0 − UD(λ)η=0, (VI.7)
where a = 1, 2 and U = 2/ sinh(2zj). The last term in (VI.7) corresponds to the
boundary condition.
We now find commutation relations between ˆ˜Aab(λ), Dˆ(λ) and Cˆdi(µ). After a
tedious but direct computation, we get
Cˆd1(µ1)Cˆd2(µ2) = −Cˆc2(µ2)Cˆc1(µ1), (VI.8)
Dˆ(zj)Cˆd(µ) = Cˆd(µ)Dˆ(zj)−
sinh(2zj)
sinh(zj − µ) sinh(zj + µ)
Cˆd(µ)D(zj)|η=0
+
1
sinh(zj − µ)
(
−E−j (d)Dˆ(µ) + Cˆd(zj)D(µ)|η=0
)
−
1
sinh(zj + µ)
(
−E−j (d)
ˆ˜Abd(µ) + Cˆb(zj)A˜bd(µ)|η=0
)
+
2 coth(2µ)
sinh(zj − µ)
E−j (d)D(µ)|η=0 −
2 cosh(zj + µ)
sinh2(zj + µ)
E−j (b)A˜bd(µ)|η=0,
(VI.9)
ˆ˜Aa1d1(zj)Cˆd2(µ) = Cˆd2(µ)
ˆ˜Aa1d1(zj)
+
(
r12(zj + µ+ η)
c1b2
a1c2r21(zj − µ)
d1d2
b1b2
)′
η=0
Cˆc2(µ)A˜c1b1(λ)|η=0
+
1
sinh(zj − µ)
δa1b2δb1d1
(
−E−j (b1)
ˆ˜Aa1d2(µ) + Cˆd1(zj)A˜a1d2(µ)|η=0
)
−
1
sinh(zj + µ)
δa1d2δb2d1
(
−E−j (b2)Dˆ(µ) + Cˆb2(zj)D(µ)|η=0
)
−
(
sinh(η)r12(2zj + η)
b2d1
a1b1
sinh(zj − µ)
)′′
η=0
E−j (b1)A˜b2d2(µ)|η=0
+
(
sin(2µ)sin(η)r12(2zj + η)
d2d1
a1b2
sinh(zj + µ+ η) sinh(2µ+ η)
)′′
η=0
E−j (b2)D(µ)|η=0, (VI.10)
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D(zj)η=0Cˆd(µ) = Cˆd(µ)D(zj)η=0 +
1
sinh(zj − µ)
E−j (d)D(µ)η=0
−
1
sinh(zj + µ)
E−j (b)A˜bd(µ)η=0, (VI.11)
A˜a1d1(zj)η=0Cˆd2(µ) = Cˆd2(µ)A˜a1d1(zj)η=0 +
1
sinh(zj − µ)
E−j (d1)A˜a1d2(µ)η=0
−
1
sinh(zj + µ)
δa1d2E
−
j (d1)D(µ)η=0 (VI.12)
Then, applying (VI.7) to the Bethe state and using the above commutation relations
repeatedly, we obtain the off-shelled Bethe ansatz equations
Hbjφ
b =
dt(λ = zj)
dη
|η=0φ
b
= Ebjφ
b −
n∑
α=1
W b(µα, zj)f
b
αE
−
j φ
b
α, (VI.13)
where
φb =
n∏
α=1
(
N∑
k=1
2 sinh(µα) cosh(zk)
sinh(µα − zk) sinh(µα + zk)
E−k (dα)
)
|0 > F d1···dn , (VI.14)
φbα =
n∏
β=1, 6=α
(
N∑
k=1
2 sinh(µβ) cosh(zk)
sinh(µβ − zk) sinh(µβ + zk)
E−k (dβ)
)
|0 > F d1···dn . (VI.15)
Ebj =
2
sinh(zj)
− 2
N∑
k=1, 6=j
[coth(zj + zk) + coth(zj − zk)]
+
n∑
α=1
[coth(zj + µα) + coth(zj − µα)] (VI.16)
f bα = −
2
sinh(2µα)
−
n∑
β=1, 6=α
(coth(µα − µβ) + coth(µα + µβ))
+
N∑
k=1
(coth(µα − zk) + coth(µα + zk)) + Λ
(1)
b (µα), (VI.17)
W b(µα, zj) =
(−1)α−12 sinh(zj) cosh(µα)
sinh(zj + µα) sinh(zj − µα)
. (VI.18)
Here Λ
(1)
b is the eigenvalue of the nested transfer matrix
t
(1)
b (λ)
=
d
dη
[
strK(1)+r(λ+ µ1 + η)
a1e1
a c1
r(λ+ µ2 + η)
a2e2
a1c2
· · · r(λ+ µn + η)
anen
an−1cn
K(1)r21(λ− µn)
bn−1dn
bnen · · · r21(λ− µ2)
b1d2
b2e2
r21(λ− µn)
bnd1
b1e1
]
, (VI.19)
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where
K(1)+ = diag
(
e2η, 1
)
, K(1) = (1− sinh(η)/ sinh(2λ+ η)) · id.
The detailed calculation of the nested eigenvalue is discussed in the appendix. Here
we write the result
Λ
(1)
b (µα) =
e−µα
sinh(µα)
+
n∑
β=1, 6=α
[coth(µα − µβ) + coth(µα + µβ))
−
m∑
γ=1
[
coth(µα − µ
(1)
γ ) + coth(µα + µ
(1)
γ )
)
, (VI.20)
where µ(1)γ satisfies the nested Bethe ansatz equation
f b
(1)
γ =
n∑
β=1
(
coth(µ˜(1)γ + µ˜β) + coth(µ˜
(1)
γ − µ˜β)
)
− 2
m∑
δ=1, 6=γ
(
coth(µ˜(1)γ + µ˜
(1)
δ ) + coth(µ˜
(1)
γ − µ˜
(1)
δ )
)
= 0. (VI.21)
Substituting the nested eigenvalue into (VI.17), we obtain the Bethe ansatz equations
for the boundary t-J Gaudin model
f bα = −
e−µα
cosh(µα)
+
N∑
k=1
(coth(µα − zk) + coth(µα + zk))
−
m∑
γ=1
(
coth(µα − µ
(1)
γ ) + coth(µα + µ
(1)
γ )
)
= 0. (VI.22)
VII Super KZ equation in the boundary case
As in the periodic case, the KZ equations are
∇jΨ = 0, ∇j = κ
∂
∂zj
−Hbj , j = 1, 2, · · · , N, (VII.1)
but now Hbj is the hamiltonian of the boundary t-J Gaudin model. We make the
transformation
Hj → Hj − 2/ sinh(2zj) + 2
N∑
k=1, 6=j
[coth(zj + zk) + coth(zj − zk)] ,
Ebj → E
b
j − 2/ sinh(2zj) + 2
N∑
k=1, 6=j
[coth(zj + zk) + coth(zj − zk)]
=
n∑
α=1
[coth(zj + µα) + coth(zj − µα)]
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This transformation leaves invariant the form of the off-shell Bethe ansatz equations.
To construct Ψ(z), we introduce a hypergeometric function χ(z, µ) which satisfies
the following equations
κ
∂
∂zj
χ = Ebjχ,
κ
∂
∂µα
χ = f bαχ, (VII.2)
and the contraint f b
(1)
γ = 0. Solving these two equations, one gets
χ(z, µ) =
n∏
α=1
(
1 + e−2µα
)1/κ n∏
α=1
[sinh(µα − µ
(1)
γ ) sinh(µα − µ
(1)
γ )]
−1/κ
×
n∏
α=1
N∏
j=1
[sinh(zj + µα) sinh(zj − µα)]
1/κ, (VII.3)
where µ(1)γ satisfies the nested Bethe ansatz equation f
b(1)
γ = 0. With the help of χ(z, µ),
the function Ψ(z) is given by
Ψ(z) =
∮
C
· · ·
∮
C
dµ1 · · · dµMχ(t, z)φ(t, z), (VII.4)
where the integration path C is a closed contour in the Riemann surface such that the
integrand resumes its initial value after tα has described it. Substituting the expressions
of ∇j and Ψ(z) into (IV.1), we can show that the KZ equation is satisfied. The proof
is as follows
κ
∂
∂zj
Ψ(z) =
∮
C
· · ·
∮
C
dµ1 · · · dµM
(
κ
∂χ
∂zj
φ+ κχ
∂φ
∂zj
)
=
∮
C
· · ·
∮
C
dt1 · · ·dµM
(
χEbjφ+ κχ
∂φ
∂zj
)
=
∮
C
· · ·
∮
C
dµ1 · · · dµM
[
χHbjφ+ χ
M∑
α=1
W (µα, zj)fαE
−
j (dα)φ
b
α
+ κχ
∑
α
∂
∂µα
(
W (µα, zj)φ
b
αE
−
j (dα)
)]
=
∮
C
· · ·
∮
C
dµ1 · · · dµM
[
χHbjφ
+ κ
∑
α
∂
∂µα
(
χW (µα, zj)φ
b
αE
−
j (dα)
)]
= HbjΨ, (VII.5)
where
W (µα, z) =
(−1)α−12 cosh(zj) sinh(µα)
sinh(µα + zj) sinh(µα − zj)
.
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A Details on the nested Bethe ansatz
A.1 Periodic case
The nested Bethe ansatz was used to obtain eigenvalues of the transfer matrix con-
structed from the following r-matrix:
r(λ) =
1
sinh(λ)


sinh(λ− η) 0 0 0
0 sinh(λ) −e−λ sinh(η) 0
0 −eλ sinh(η) sinh(λ) 0
0 0 0 sinh(λ− η)

 .
(A.6)
One can check that this r-matrix satisfies the unitarity and cross-unitarity relations
r12(λ)r21(−λ) = − sinh(λ+ η) sinh(λ+ η) · id.,
rst112 (2η − λ)r
st2
21 (λ) = sinh(λ) sinh(2λ− η) · id., (A.7)
and the YBE
r12(λ− µ)L
(1)
1 (λ)L
(1)
2 (µ) = L
(1)
2 (µ)L
(1)
1 (λ)r12(λ− µ), (A.8)
where
L
(1)
j (λ) =
1
sinh(λ)

 sinh
(
λ− η
1+σz
j
2
)
−σ−j sinh(η)
−σ+j sinh(η) sinh
(
λ− η
1+σz
j
2
)

 (A.9)
with σ±, σz being the usual Pauli matrices. The monodromy matrix is
T (1)(λ) = L(1)m (λ− µm) · · ·L
(1)
2 (λ− µ2)L
(m)
1 (λ− µ1)
≡
(
A(1)(λ) B(1)(λ)
C(1)(λ) D(1)(λ)
)
, (A.10)
which satisfies
r12(λ− µ)T
1)
1 (λ)T
1)
2 (µ) = T
1)
2 (µ)T
1)
1 (λ)r12(λ− µ). (A.11)
The transfer matrix of the nested system is defined by
t(1)(λ) = strT (1)(λ). (A.12)
One can easily prove the commutativity of the transfer matrix: [t(1)(λ), t(1)(µ)] = 0.
Expanding r, L(1), T (1) and T (1) around η = 0:
r(λ) = 1 + ηrˆ(λ)|η=0 +O(η
2),
L(1)(λ) = 1 + ηLˆ(1)(λ)|η=0 +O(η
2),
T (1)(λ) = 1 + ηTˆ (1)(λ)|η=0 +O(η
2),
t(1)(λ) = −2 + ηtˆ(1)(λ)|η=0 +O(η
2), (A.13)
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where
rˆ(λ) =


− coth(λ) 0 0 0
0 0 −e−λ/ sinh(λ) 0
0 −eλ/ sinh(λ) 0 0
0 0 0 − coth(λ)

 .
Lˆ
(1)
k (λ) =
(
−
1+σz
k
2
coth(λ) −σ−k e
−λ/ sinh(λ)
−σ+k e
λ/ sinh(λ) −
1−σz
k
2
coth(λ)
)
.
Tˆ (1)(λ) =
(
Aˆ(1)(λ) Bˆ(1)(λ)
Cˆ(1)(λ) Dˆ(1)(λ)
)
,
t(1)(λ) = str
(
Aˆ(1)(λ) Bˆ(1)(λ)
Cˆ(1)(λ) Dˆ(1)(λ)
)
= −Aˆ(1)(λ)− Dˆ(1)(λ). (A.14)
By the nested YBE (A.11), we find the following commutation relations
Cˆ(1)(λ)Cˆ(1)(µ(1)) = Cˆ(1)(µ(1))Cˆ(1)(λ), (A.15)
Aˆ(1)(λ)Cˆ(1)(µ(1)) = − coth(λ− µ(1))Cˆ(1)(µ(1)) + Cˆ(1)(µ(1))Aˆ(1)(λ)
+
e−λ+µ
(1)
sinh(λ− µ(1))
(
C(1)(λ)Aˆ(1)(µ(1)) + Cˆ(1)(λ)D(1)(µ(1))
)
η=0
,
(A.16)
Dˆ(1)(λ)Cˆ(1)(µ(1)) = coth(λ− µ(1))Cˆ(1)(µ(1))η=0 + Cˆ
(1)(µ(1))Dˆ(1)(λ)
+
e−λ+µ
(1)
sinh(λ− µ(1))
(
C(1)(λ)Dˆ(1)(µ(1)) + Cˆ(1)(λ)A˜(1)(µ(1))
)
η=0
.
(A.17)
For the nest transfer matrix, we choose its vacuum state as
|0 >
(1)
k =
(
0
1
)
, |0 >(1)= ⊗nk=1|0 >
(1)
k . (A.18)
Applying the T -operator to the vacuum state, we have
Aˆ(1)(λ)|0 >(1)= Bˆ(1)(λ)|0 >(1)= 0, Cˆ(1)(λ)|0 >(1) 6= 0,
Dˆ(1)(λ)|0 >(1)=
m∑
i=1
coth(λ− µi) λ 6= µk (k = 1, 2, · · · , m). (A.19)
The eigenvector of the nested transfer matrix (A.14) can be constructed from
φ(1) = Cˆ(1)(µ
(1)
1 )Cˆ
(1)(µ
(1)
2 ) · · · Cˆ
(1)(µ(1)m ). (A.20)
Applying the nested transfer matrix to the above state and keeping in mind λ = µα,
we obtain
Λ(1)(µα) =
n∑
β=1, 6=α
coth(µα − µβ)−
m∑
γ=1
coth(µα − µ
(1)
γ ), (A.21)
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where µ
(1)
1 , · · · , µ
(1)
m satisfy the constraints
f (1)γ ≡
n∑
β=1, 6=α
coth(µβ − µ
(1)
γ ) + 2
m∑
δ=1, 6=γ
coth(µ(1)γ − µ
(1)
δ ) = 0. (A.22)
A.2 Open boundary case
In the open boundary case, we have boundary reflection and dual relection equations
r12(λ− µ)K
(1)
1 (λ)r21(λ+ µ)K
(1)
2 (µ) = K
(1)
2 (µ)r12(λ+ µ)K
(1)
1 (λ)r21(λ− µ),
(A.23)
r12(µ− λ)K
(1)+
1 (λ)M
−1
1 r21(2η − λ− µ)K
(1)+
2 (µ)M
−1
2
= K
(1)+
2 (µ)M
−1
2 r12(2η − λ− µ)K
(1)+
1 (λ)M
−1
1 r21(µ− λ). (A.24)
One can check K(1) = 2 cosh(η + λ) sinh(λ)/ sinh(2λ+ η) and K(1)
+
= diag(e2η, 1) are
solutions to the first and second equations, respectively.
Using the nested monodromy matrix (A.10), we define the double-row monodromy
matrix for the open boundary system
T (1)(λ) ≡ T (1)(λ˜)K(1)(λ)T (1)
−1
(−λ˜)
=
(
A(1)(λ) B(1)(λ)
C(1)(λ) D(1)(λ)
)
, (A.25)
where T (1) and T (1)
−1
are defined by
T (1)aan(λ˜)
e1···en
c1···cn = r(λ˜+ µ˜1)
a1e1
ac1 r(λ˜+ µ˜2)
a2e2
a1c2 · · · r(λ˜+ µ˜n)
anen
an−1cn
= L
(1)
1 (λ˜+ µ˜1)L
(1)
2 (λ˜+ µ˜2) · · ·L
(1)
n (λ˜+ µ˜n), (A.26)
T (1)
−1
(λ˜) = r21(λ˜− µ˜n)
bn−1dn
bnen · · · r(λ˜− µ˜2)
b1d2
b2e2
r(λ˜− µ˜1)
ad1
b1e1
= L(1)
−1
n (−λ˜+ µ˜n) · · ·L
(1)−1
2 (−λ˜ + µ˜2)L
(1)−1
1 (−λ˜ + µ˜1), (A.27)
respectively, and the L-operator takes the form
L
(1)
k (λ) =
(
b(λ)− (b(λ)− a(λ))e11k −c−(λ)e
21
k
−c+(λ)e
12
k b(λ)− (b(λ)− a(λ))e
22
k
)
. (A.28)
Let λ˜ = λ+η/2, µ˜ = µ−η/2, one sees that the above definitions coincide with (VI.19).
The double-row monodromy matrix satisfies the reflection equation
r12(λ− µ)T
(1)
1 (λ)r21(λ+ µ)T
(1)
2 (µ) = T
(1)
2 (µ)r12(λ+ µ)T
(1)
1 (λ)r21(λ− µ), (A.29)
Thus, we can define the transfer matrix as
t
(1)
b (λ) = strK
(1)+T (1)(λ). (A.30)
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Around η = 0, we have the expansions
T (1)(λ) = 1 + η
(
Aˆ(1)(λ) Bˆ(1)(λ)
Cˆ(1)(λ) Dˆ(1)(λ)
)
η=0
+O(η2), (A.31)
t
(1)
b (λ) = −2 + ηtˆ
(1)
b (λ)η=0 +O(η
2). (A.32)
Write
Aˆ(1)(λ)|η=0 =
ˆ˜A
(1)
(λ)|η=0 −
e−2λ
sinh(2λ)
D(1)(λ)|η=0. (A.33)
The we find the commutation relations between tˆ
(1)
b (λ) and Cˆ
(1)(µ(1))
Cˆ(1)(λ)Cˆ(1)(µ(1)) = Cˆ(1)(µ(1))Cˆ(1)(λ). (A.34)
Dˆ(1)(λ)Cˆ(1)(µ(1))
=
sinh(2λ)
sinh(λ+ µ(1)) sinh(λ− µ(1))
Cˆ(1)(µ(1))D(1)(λ)η=0 + Cˆ
(1)(µ(1))Dˆ(1)(λ)
−
e(λ−µ
(1))
sinh(λ− µ(1))
(
C(1)(λ)Dˆ(1)(µ(1)) + Cˆ(1)(λ)D(1)(µ(1))
)
η=0
+
e(λ+µ
(1))
sinh(λ+ µ(1))
(
C(1)(λ) ˆ˜A
(1)
(µ(1)) + Cˆ(1)(λ)A˜(1)(µ(1))
)
η=0
, (A.35)
ˆ˜A
(1)
(λ)Cˆ(1)(µ(1))
= −
sinh(2λ)
sinh(λ+ µ(1)) sinh(λ− µ(1))
Cˆ(1)(µ(1))A˜(1)(λ)η=0 + Cˆ
(1)(µ(1)) ˆ˜A
(1)
(λ)
−
e−(λ+µ
(1))
sinh(λ+ µ(1))
(
C(1)(λ)Dˆ(1)(µ) + Cˆ(1)(λ)D(1)(µ)
)
η=0
+
e−(λ−µ
(1))
sinh(λ− µ(1))
(
C(1)(λ) ˆ˜A
(1)
(µ(1)) + Cˆ(1)(λ)A˜(1)(µ(1))
)
η=0
, (A.36)
D(1)(λ)Cˆ(µ(1))η=0 = Cˆ(µ
(1))D(1)(λ)η=0 +
eλ−µ
(1)
sinh(λ− µ(1))
C(1)(λ)D(1)(µ(1))η=0
−
eλ+µ
(1)
sinh(λ− µ(1))
C(1)(λ)A˜(1)(µ(1))η=0, (A.37)
A˜(1)(λ)Cˆ(µ)η=0 = Cˆ(µ)A˜
(1)(λ) +
e−(λ−µ)
sinh(λ− µ)
C(1)(λ)A˜(1)(µ)η=0
−
e−(λ+µ)
sinh(λ− µ)
C(1)(λ)D(1)(µ)η=0, (A.38)
M. Gould: Supersymmetric t-J Gaudin model. 20
Substituting K(1)(λ) = 2 cosh(η + λ) sinh(λ)/ sinh(2λ+ η) and K(1)
+
(λ) = diag(e2η, 1)
into the nested transfer matrix, one obtains the transfer matrix tˆ
(1)
b (λ˜) of the t-J Gaudin
model
tˆ
(1)
b (λ˜) ≡
d
dη
str
(
e2η 0
0 1
)(
A(1)(λ˜) B(1)(λ˜)
C(1)(λ˜) D(1)(λ˜)
)
η=0
= −Aˆ(1)(λ)− Dˆ(1)(λ)− 2A(1)(λ˜)η=0
= − ˆ˜A
(1)
(λ)− Dˆ(1)(λ)− 2A˜(1)(λ˜)η=0 −
e−2λ˜
sinh(2λ˜)
D(1)(λ˜)η=0. (A.39)
As in the periodic case, define the vacuum state for the nested open boundary
system
|0 >(1)= ⊗nk=1|0 >
(1)
k (A.40)
with |0 >
(1)
k ≡
(
0
1
)
. Then, applying the elements of Tˆ (λ) to the vacuum, we obtain
Bˆ(1)(λ)|0 >= 0, Cˆ(1)(λ)|0 > 6= 0, (A.41)
Dˆ(1)(λ)|0 > = −
(
1
sinh(2λ)
+
n∑
i=1
(coth(λ+ µi) + coth(λ− µi)
)
|0 >(1)
λ 6= µk (k = 1, 2, · · · , m). (A.42)
Using the nested YBE (A.11) and the transformation (A.33), we obtain
ˆ˜A
(1)
(λ)|0 >(1)= −
e−λ
sinh(λ)
|0 >(1) . (A.43)
The eigenvalues of the nested open boundary Gaudin system can be obtained by
applying tˆ
(1)
b (λ) to the eigenvector
φ
(1)
b = Cˆ
(1)(µ
(1)
1 )Cˆ
(1)(µ
(1)
2 ) · · · Cˆ
(1)(µ(1)m )|0 > . (A.44)
The result is
Λ(1)(λ˜) =
e(−λ)
sinh(λ)
+
n∑
i=1
(coth(λ+ µ˜i) + coth(λ− µi))
−
m∑
l=1
(
coth(λ+ µ
(1)
l ) + coth(λ− µ
(1)
l )
)
, (A.45)
where µ
(1)
l satisfy the constraints
f (1)γ =
n∑
i=1
(
coth(µ
(1)
j + µi) + coth(µ
(1)
j − µi)
)
− 2
m∑
l=1, 6=j
(
coth(µ
(1)
j + µ
(1)
l ) + coth(µ
(1)
j − µ
(1)
l )
)
= 0. (A.46)
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